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1. (10+2+3) Let X1, · · · , Xn be a random sample from a uniform(θ1, θ2) distribution.

(a) Find the method of moments estimators of θ1 and θ2.

(b) Is this the only MoM estimator, or is it possible to obtain other estimators based on the method of
moments?

(c) Is the estimator consistent? Justify your answer.

2. (5+5+7) Let X1, X2, · · · , Xn be a random sample from the population with distribution function F. Let Fn(x)
be the empirical distribution function, that is

Fn(x) =
#{Xi ≤ x}

n

Let c < d be two given real numbers. Define V = Fn(c) and W = Fn(d).

(a) Find the expectation and variance of V .

(b) Find the distribution of V

(c) Find the covariance between V and W .

3. (5+7+8) Consider the regression model

yi = βxi + εi, 1 ≤ i ≤ n,

where εi are iid with mean zero and variance σ2 and xi are fixed.
Consider estimators of β of the form Ta =

∑n
i=1 aiyi, for a = (a1, · · · ,an)T ∈ Rn.

(a) Find the least squares estimator T of β.

(b) Find the mean and variance of Ta in terms of ai’s and the parameters β and σ.

(c) Show that estimator T minimizes the variance of Ta over all possible a ∈ Rn such that Ta is unbiased.
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4. (4+4+2+4+4) A certain company of battery claims that the average life of a certain type of their battery is
80 weeks. The average life of each of 10 randomly selected batteries is listed below.

84.5, 80.0, 77.3, 81.0, 80.2, 80.1, 78.3, 79.9, 77.8, 75.4

Assume the battery life distribution is normal. Using α = 0.05 perform the appropriate test of hypothesis to
determine if the average life is smaller than 80 weeks.

(a) State the null and alternative hypotheses.

(b) State the test statistic and find its distribution under the null hypothesis.

(c) Is the distribution in the previous part exact or approximate?

(d) Find the critical region and compute the value of the test statistic.

(e) Is the null hypothesis rejected? What is the conclusion regarding the mean battery life?
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